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A new parameter free collective solution is proposed by inducing a linear energy dependence in the 
ﬁve-dimensional harmonic oscillator potential of the Bohr Hamiltonian and taking the asymptotic limit 
of the slope. The model preserves the degeneracy features of the U (5) dynamical symmetry but with an 
expanded energy spectrum and with damped E2 transition probabilities. The 116Cd nucleus is presented 
as an experimental realization of the model.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The spectroscopic properties of medium- and heavy-mass nu-
clei are described either in terms of single particle or collective 
degrees of freedom. Although the nucleonic degrees of freedom 
constitute the natural basis for any nuclear theory, the collec-
tive models represent a complementary tool for the description 
of bulk properties. The major theoretical concern after obtaining 
a collective description is ﬁnding a relation between the collec-
tive variables and the particle motion which is not always pos-
sible. One of the most successful models in this sense has been 
the interacting boson approximation (IBA) model [1], which is a 
large truncation of the shell model constructed in terms of the 
group U (6). Within its U (6) symmetry, appear subgroups that 
emerge as chains of successive algebras, identifying thus the three 
dynamical symmetries: U (5) [2], O (6) [3] and SU(3) [4]. These 
in turn are associated to speciﬁc conditions in which the nu-
clei behave collectively: spherical vibrator, axially asymmetric and 
symmetric rotors. Although, experimental realizations of these sit-
uations are plenty, the vast majority of nuclei deviate from these 
reference models, presenting a rich variety of complex collective 
behaviours. This is where the geometrical description in the frame-
work of the Bohr–Mottelson model [2,5] comes to aid. It provides 
analytical solutions bridging different dynamical symmetries in-
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SCOAP3.cluding the critical points [6,7] of such shape phase transitions. 
It all started with the spherical vibrator model, with its underlying 
U (5) symmetry group based on a ﬁve-dimensional harmonic oscil-
lator potential in β shape variable. The relaxation of this model 
is possible by considering anharmonic power potentials in the 
same theoretical frame [8], providing in this way a bridge be-
tween the U (5) dynamical symmetry and E(5) [6] critical point 
symmetry associated to the shape phase transition U (5)–O (6). 
However, due to the ﬂattening of the original harmonic oscilla-
tor potential, the ground state β deformation migrates to higher 
values, with U (5) dynamical symmetry remaining the sole descrip-
tion of quadrupole surface oscillations in truly spherical nuclei. 
Nevertheless, even in this case the centroid of β density distri-
bution lays at a non-zero value. Moreover, the measure for the β
oscillation stiffness is lost due to the scaling property of the po-
tential.
In this letter, I propose a method for reaching almost β-rigid 
conditions in the vibrational regime, i.e. when the value of ground 
state β deformation is extremely small and does not allow large 
ﬂuctuations. This is achieved by considering the Bohr Hamilto-
nian with a ﬁve-dimensional harmonic oscillator potential whose 
string constant has a linear dependence on the total energy. The 
quasi-β-rigid regime is then obtained within the asymptotic limit 
of the slope parameter which apart from the scale is parame-
ter independent. Finally, the model’s structure and properties are 
presented in connection to both experiment and other collective 
solutions.under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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The general Bohr Hamiltonian reads:




























⎦+ V (β,γ ). (2.1)
Assuming that the potential is independent of the γ shape vari-
able, i.e. V (β, γ ) = V (β), the corresponding eigenvalue equation 
can be separated by factorizing the total wave function in the usual 
way as ψ(β, γ , ) = F (β)(γ , ). The γ -angular part of equa-
tion (2.1) was solved by Bès [9] with the eigenvalue corresponding 
to the second order SO(5) Casimir operator and given in terms of 
the seniority quantum number τ [10]. The complex scheme of an-
gular momenta realized in a ﬁxed τ conﬁguration is detailed in 
Ref. [11]. Using the change of function f (β) = β2F (β), the β part 








f (β) = 
 f (β), (2.2)
where 
 = (2B/h¯2)E and v = (2B/h¯2)V are the reduced energy 
and potential.
Considering a harmonic oscillator potential in β shape vari-
able with an energy dependent string constant, v(β, 
) = k(
)β2, 








where N = 2nβ + τ with nβ denoting the β oscillator quanta. 
Choosing the simplest energy dependence k(
) = 1 + a
 , (2.3) be-
comes a quadratic equation for determining the energy, whose 






















The inclusion of energy dependent term in the potential is not 
just a mathematical trick but actually makes a more realistic de-
scription of nuclear collective motion. Indeed, as the centrifugal 
stretching phenomenon in deformed nuclei stay witness, the col-
lective characteristics of the nuclei are in general state dependent. 
The phenomenological interpretation of the correction term is that 
it uses a part of the energy gained through collective excitations to 
stabilize the nuclear shape against the β oscillations. Indeed, for 
each increasing energy state the overall β oscillation string con-
stant becomes larger, stiffening the nucleus in its original spherical 
shape. Analytically this fact is transposed into a state dependence 
of the energy scale, which is constant when a = 0 and otherwise 
given by the ﬁrst factor of Eq. (2.4).
3. Asymptotic limit
Analyzing the energy function (2.4), it becomes clear that the 
negative values of a compress the spectrum, while the positive 
ones expand it as can be seen in Fig. 1. It is needless to point 





0) = 2. The collective phenomena are as-
sociated to energy spectra with R4/2  2, such that only the a > 0
case is of interest.Fig. 1. The energy spectrum given by Eq. (2.4) with respect to the ground state and 
normalized to the energy of the ﬁrst excited state is given as function of the slope 
parameter a.
The corresponding β eigenfunction is















with ξnβτ = ηnβτ β =
√
1+ a
nβτ β and Cnβτ being a normalization 
constant. Due to the energy dependence of the potential, the scalar 









in order to satisfy the continuity equation. As a result, the 
above function is normalized with the integration measure (1 −
aβ2)β4dβ . As a matter of fact, the linear energy dependence rep-
resents a special case in virtue of the fact that it leads to a state 
independent integration metric.

















as well as the physically relevant averages 〈β〉nβ τ and 〈β2〉nβτ are 
all positive deﬁnite for a > 0 and ∀nβ, τ . Even though the model 
with a > 0 provides physically meaningful observables, it does not 
meet the conditions for a coherent theory. For this, the density 
probability distribution
ρ = [Fnβτ (β)]2 (1− aβ2)β4, (2.8)
must also be positive deﬁnite [15]. This condition is fully satisﬁed 
only for a  0. However, studying Fig. 2, one can see that the nega-
tive contribution to ρ when a > 0 is negligible and decreases with 
higher a values. Moreover the density distribution peak sharpens 
and moves to lower β values as a increases. The symmetrical shape 
of ρ is however maintained, such that its centroid can never reach 
the zero value. As a consequence, in the asymptotic limit of pa-
rameter a, the density distribution behaves like a Delta function 
δ(β − β0) with β0 tending asymptotically to zero, which is posi-
tive deﬁnite. Due to this property, one will focus here only on the 
asymptotic limit which provides a coherent model, even if the case 
with intermediate a values has an obvious practical appeal. In this 
regime, the energy function (2.4) becomes
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with parameter a transformed into a simple scaling factor. As 
a result, one obtains a parameter free energy spectrum, making 
thus an important addition to the few already known parameter-
independent collective solutions [11,16–19]. The asymptotic energy 
values are achieved at quite small a given the condition a  4/5
(see Fig. 1). This and the fact that the β oscillation is preserved but 
with increasing energy scale are the reasons why the β vibrational 
quanta still make sense. High a values mean stiffer β oscillations 
which is consistent with a β-rigid behaviour. Such a simpliﬁed im-
age of these unusual collective conditions is also supported by the 
analysis of ρ made above. Taking into consideration all aspects of the asymptotic solution, the model will be referred to as the stiff-
ening spherical vibrator (SSV).
The model obviously contains the SO(5) symmetry as any geo-
metrical model with a γ independent potential. However it does 
not belong to the U (5)–O (6) line of the dynamical symmetry tri-
angle [16] nor can be put in terms of the SU(1, 1) × SO(5) Lie alge-
bra of the Algebraic Collective Model [20–22]. Indeed, the present 
β equation cannot be expressed by SU(1, 1) generating operators 
because the energy dependent term must be replaced with the 
corresponding operator, spoiling in this way the involved commu-
tation relations. Moreover, the saturation effect of the asymptotic 
limit cannot be simulated by an equivalent state independent po-
tential [15]. The stand alone character of the present model is also 
strengthened by the behaviour of its 0+ states. Contrary to the dy-
namical symmetries, whose 0+ states behave as E0+ ∼ nβ in the 
large boson number limit of IBA, the present model’s correspond-
ing energy function E0+ ∼ nβ(nβ + 2.5) is more appropriate for a 
critical point in four dimensions [23,24]. The last result comes as a 
supporting fact for the quasi-β-rigid character of the model.
4. Numerical results
The characteristics of the model are completed by calculat-
ing the transition probabilities following closely the procedure of 
Ref. [8], where the integral over the β shape variable is numer-
ically calculated using the wave function (2.5) with a correction 
term added in the integration measure. While for the γ -angular 
factor one must take into account also the SO(5) Clebsh–Gordan 
coeﬃcients [25] which dictate the angular momentum and senior-
ity selection rules. The transition rates B(E2) normalized to the 
value of the 2+1 → 0+1 transition are computed for successive high 
values of the parameter a, retaining the value when a reliable de-
gree of convergence is achieved. The theoretical energy spectrum 
and the corresponding E2 transition probabilities connecting the 
low lying states is depicted in Fig. 3 where it is also compared 
with the experimental low energy level scheme of 116Cd nucleus Fig. 3. Predictions of the ﬁve-dimensional stiffening spherical vibrator model (SSV) for the lowest portion of the spectrum and the comparison to the experimental level 
scheme of 116Cd [26]. The spectrum is normalized to the ground state energy and given in units of the theoretical and experimental energy of the ﬁrst excited state. 
Similarly, the E2 transition rates are given in terms of B(E2, 2+1 → 0+1 ) = 100. The states in both cases are indexed by order in energy scale with the quantum number 
assignment schematically indicated in the SSV case.
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The experimental realization of the model’s energy spectrum in 
this nucleus is quite accurate in the low lying states. Although 
not shown in Fig. 3, the experimental spectrum in the region be-
tween 5.5 and 6.5 of the normalized energy scale is also populated 
with angular momentum states corresponding to few theoretically 
predicted N = 4 states but with different multiplicity order. More-
over some of the theoretical E2 transition probabilities are close to 
or even fall into the experimentally allowed intervals. The pair of 
nuclei 104Pd and 106Pd represent other suitable experimental re-
alizations of the model, exhibiting similar distribution of the low 
lying energy states.
Comparing the signature R4/2 of the present model to that of 
other collective solutions, it is diﬃcult to accept that such a high 
R4/2 value is associated to a spherical nucleus. However, the poor 
deformation of nuclei with such a high R4/2 ratio was also found 
in the near-vibrational regime of the Coherent State Model [27,28], 
which provides an alternative description of spherical nuclei.
5. Conclusions
In conclusion, by considering a fast stiffening spherical har-
monic oscillator potential one attained an exactly solvable collec-
tive model associated to a near β-rigid spherical vibrator. As a 
consequence of the fast increasing energy scale, the energy spec-
trum as well as the E2 transition probabilities is parameter free. 
This and its other distinguishing properties make the proposed 
model a useful reference solution along with the cornerstone dy-
namical symmetries.References
[1] F. Iachello, A. Arima, The Interacting Boson Model, Cambridge University Press, 
Cambridge, England, 1987.
[2] A. Bohr, Mat. Fys. Medd. Dan. Vid. Selsk. 26 (1952) 14.
[3] L. Wilets, M. Jean, Phys. Rev. 102 (1956) 788.
[4] A. Bohr, B.R. Mottelson, Mat. Fys. Medd. Dan. Vid. Selsk. 24 (1953) 16.
[5] A. Bohr, B.R. Mottelson, Mat. Fys. Medd. Dan. Vid. Selsk. 27 (1953) 16.
[6] F. Iachello, Phys. Rev. Lett. 85 (2000) 3580.
[7] F. Iachello, Phys. Rev. Lett. 87 (2001) 052502.
[8] D. Bonatsos, D. Lenis, N. Minkov, P.P. Raychev, P.A. Terziev, Phys. Rev. C 69 
(2004) 044316.
[9] D. Bés, Nucl. Phys. 10 (1959) 373.
[10] G. Rakavy, Nucl. Phys. 4 (1957) 289.
[11] L. Fortunato, Eur. Phys. J. A 26 (2005) 1.
[12] J. Formanek, R.J. Lombard, J. Mares, Czechoslov. J. Phys. 54 (2004) 289.
[13] R.J. Lombard, J. Mares, C. Volpe, J. Phys. G, Nucl. Part. Phys. 34 (2007) 1879.
[14] J. Garcia-Martinez, J. Garcia-Ravelo, J.J. Pena, A. Schulze-Halberg, Phys. Lett. A 
373 (2009) 3619.
[15] R. Yekken, R.J. Lombard, J. Phys. A, Math. Theor. 43 (2010) 125301.
[16] R.F. Casten, Nat. Phys. 2 (2006) 811.
[17] R.F. Casten, E.A. McCutchan, J. Phys. G, Nucl. Part. Phys. 34 (2007) R285.
[18] P. Cejnar, J. Jolie, R.F. Casten, Rev. Mod. Phys. 82 (2010) 2155.
[19] R. Budaca, Phys. Lett. B 739 (2014) 56.
[20] D.J. Rowe, Nucl. Phys. A 735 (2004) 372.
[21] D.J. Rowe, P.S. Turner, Nucl. Phys. A 753 (2005) 94.
[22] D.J. Rowe, T.A. Welsh, M.A. Caprio, Phys. Rev. C 79 (2009) 054304.
[23] D. Bonatsos, E.A. McCutchan, R.F. Casten, Phys. Rev. Lett. 101 (2008) 022501.
[24] D. Bonatsos, D. Lenis, D. Petrellis, P.A. Terziev, I. Yigitoglu, Phys. Lett. B 621 
(2005) 102.
[25] D.J. Rowe, J.L. Wood, Fundamentals of Nuclear Models: Foundational Models, 
World Scientiﬁc, Singapore, 2010.
[26] J. Blachot, Nucl. Data Sheets 111 (2010) 717.
[27] A.A. Raduta, R. Budaca, A. Faessler, J. Phys. G, Nucl. Part. Phys. 37 (2010) 
085108.
[28] A.A. Raduta, R. Budaca, A. Faessler, Ann. Phys. (N.Y.) 327 (2012) 671.
